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Abstract 
Bonahon, F., Surfaces with the same marked length spectrum, Topology and its Applications 50 
(1993) 55-62. 
Various authors have shown that isotopy classes of nonpositively curved Riemannian metrics on 
surfaces are characterized by their marked length spectrum. We show by an example that, although 
this property makes sense in a non-Riemannian setting, it does not hold for every metric space 
structure on a surface. More precisely, given two arbitrary negatively curved Riemannian metrics 
on a compact surface, we construct a metric which has the same geodesics as the first one, has 
the same marked length spectrum as the second one, and is in general not isometric to either one. 
Keywords: Length spectrum, path metric, Liouville measure. 
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Many problems involve moduli spaces of metrics on a compact manifold &I, 
consisting of metrics on M defined only up to isometry isotopic to the identity. An 
invariant of such an isotopy class of metrics m is its marked length spectrum, defined 
as the function which to each free homotopy class of closed curves in M (or, 
equivalently, conjugacy class in the fundamental group r,(M)) associates the 
infimum of the lengths of all closed curves representing this homotopy class. Under 
certain curvature hypotheses, a Riemannian metric on a surface is completely 
characterized by its marked length spectrum. Indeed, following a breakthrough by 
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Otal [ 141 and Croke [6] in the case of negative curvature, Croke, Fathi and Feldman 
proved in [7] (see also [S]) the following result: 
Theorem 0. Let M be a closed surface and let m, and m, be two Riemannian metrics 
on M, where m, has nonpositive curvature and where m, has no conjugate points. Zf 
m, and m, have the same marked length spectrum, then they are isometric by an 
isometry isotopic to the identity. 
Note that the statement of this theorem makes little use of the fact that the metrics 
considered are Riemannian, as opposed to just metric space structures. Indeed, the 
hypothesis that m, has no conjugate points is equivalent to the property that none 
of its geodesic arcs can be deformed fixing end points to a shorter arc. Defining a 
geodesic arc in an arbitrary metric space as a local isometry from a compact interval 
of the real line [w to that space, this minimizing geodesic property makes sense in 
any metric space. Although we will not use them in this paper, there are also various 
possible definitions for the curvature of a metric space; see for instance [1,4]. In 
general, many properties of Riemannian metrics remain valid for metrics whose 
geodesics are well behaved (see for instance [4, 5, lo] for illustrations of this 
principle). 
The purpose of this paper is to show that the hypothesis that m,, is a Riemannian 
metric is crucial in Theorem 0. In particular, the fact that its proof depends strongly 
on the notion of angles between geodesics is more than a simple artifact of the proof. 
A conversation with Fathi revealed that he had independently discovered this 
construction. Otal has also observed a similar phenomenon with nonsymmetric 
Finsler metrics. 
Theorem 1. Let m, and m2 be two Riemannian metrics of negative curvature on the 
closed surface M. There exists a metric m,, on M which is compatible with the topology 
of M, which has the same marked length spectrum as m, and such that the geodesics 
of m, are identical to the geodesics of mz. In particular, m, has minimizing geodesics 
and defines a G-space structure on M in the sense of [4]. 
In Theorem 1, a geodesic in a metric space (X, d) is a nonparametrized oriented 
curve which admits a parametrization c : [w + X which is a local isometry, namely 
such that, for every t,E R, d(c(t), c(Q) = )t - tOI for all t sufficiently close to t,. The 
notion of G-space was introduced by Busemann to capture most of the topological 
properties of geodesics in Riemannian manifolds. More precisely, a metric space is 
a G-space if, in this space, every bounded subset is relatively compact, any two 
points can be connected by a geodesic arc, and every geodesic arc not reduced to 
one point is contained in a unique geodesic. 
Theorem 2. For m, , m, and m, as in Theorem 1, assume in addition that the metrics 
m, and m, have constant curvature -1 and are not isometric by an isometry isotopic 
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to the identity. Then, m0 is isometric to neither m, nor m2 by an isometry isotopic to 
the identity. 
We first prove Theorem 1. The path metric m, is provided by an integral geometry 
method which was extensively investigated by Busemann to study path metrics 
which share the same geodesics, in connection with Hilbert’s fourth problem (see 
[4], and [16] for a survey of Hilbert’s fourth problem). It also uses the Liouville 
measure induced by m, on the space of geodesics of the universal covering fi (see 
[2,3, 14]), which was already a crucial ingredient in the proof of Theorem 0. 
Consider the universal covering fi of M, and let G,( fi) be the space of m,- 
geodesics of &?, where we identify two geodesics g : R-+ h?l and g’:F%+ G when 
they differ by an oriented change of parameter in R. This space G,(G) can also be 
interpreted as the space of orbits of the geodesic flow on the unit tangent bundle 
T’fi. The fact that the volume form defined by m, in T’G is invariant under the 
geodesic flow induces a measure L, on G,(G), called the Liouville measure of m, . 
Locally, this Liouville measure is easily expressed near g E G,( 6) by considering 
a small arc kc k crossing g transversely in one point. The geodesics g’ in a 
neighborhood of g are characterized by their intersection point x = k n g’ and by 
the angle 0 they form with k at that point. Then, the Liouville measure is equal to 
$sin 81 dx d0 on this neighborhood of g. By application of this formula to the 
m,-geodesic arc k joining x to y, a corollary is that the m,-distance between two 
points x and y E fi is exactly equal to the mass for L, of the subset of G,(G) 
consisting of those geodesics which separate x from y. 
Now, consider the metric m,. A famous result of Morse ([13], see also [9, 111) 
provides a natural identification between the space G,(G) of m,-geodesics of fi 
and the corresponding space G,(M) of m,-geodesics. Indeed, for every m,-geodesic 
g,, there is a unique m,-geodesic g, which stays at bounded distance from g,, and 
conversely. 
We can now define our metric m,. Namely, for every x and y E I’$ define m,(x, y) 
as the L,-mass of the subset of G,(k) = G,( fi) consisting of those m,-geodesics 
which separate x from y. 
Let us show that this defines a metric on $i. Since L, assigns positive mass to 
each open subset of G, ( fi) = G2( G), we only need to check the triangular inequality. 
The proof of this triangular inequality requires the following fact: 
Lemma. Given x E fi, the set of those m,-geodesics which pass through x has 
L,-mass 0. 
Proof. The proof will only use the fact that L, has no atom and that it is invariant 
under the action of the fundamental group r,(M) on G2(I\;I). 
Suppose that the set of the m,-geodesics passing through x has positive L,-mass. 
Let A c G,( 6) consist of those geodesics which meet x and no other element of 
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the orbit of x under n,(M). Then, since rr,(M) is countable and since L, has no 
atom, the L,-mass L,(A) of A is positive. 
Let B be a closed ball centered at x and whose radius is larger than the diameter 
of M. For every y E rr,( M), let A, consist of those geodesics g E A which cross the 
ball yL?. By choice of B, every g E A belongs to infinitely many A,, and it follows 
that the sum CyCwICM) L,(A,) is infinite. 
For y E rr,( M), every g E y-‘A7 crosses B. The sets y-IA, are pairwise disjoint 
by definition of A, and L,( y-IA,) = L,(A,) by invariance of L, under the action 
of r,(M). It follows that the subset of G,(k) consisting of those geodesics which 
cross B has L,-mass at least Cyc-ir,(M) L,(y-‘A,) =Cyt?T,CM) L,(A,) =a, contradict- 
ing the fact that this subset is compact. 0 
If x, y, z E I’$ every m,-geodesic which separates x from y must either separate 
x from z, or separate z from y, or hit z. By the above lemma, it follows that 
m,(x, y) c m,(x, z) + m,(z, y), proving the triangular inequality for m,. 
Therefore, m, is a metric on fi. By invariance under the action of rr,( M), it 
induces a metric on M, also denoted by m,. By the above lemma, the topology 
induced by this metric m, is weaker than the original topology of M, and therefore 
is equal to this original topology by compactness of M. 
Note that, for x, y, z E it?, the difference m,(x, z) + m,(z, y) - m,,(x, y) is equal to 
the L,-mass of the open subset of G*(G) consisting of those m2-geodesics which 
have z on one side and x and y on the other side. It follows that m,,(x, y) = 
m,(x, z) + m,(z, y) if and only if z belongs to the m,-geodesic arc joining x to y. 
As a consequence, this geodesic arc has length m,(x, y) and is the only curve joining 
x to y realizing this minimum length. 
This proves that the geodesics of the metric m,, are exactly the same as the 
geodesics of m2, after reparametrization. In particular, m,, is a G-metric. 
We now prove that m. has the same marked length spectrum as m,. 
For this, consider a closed curve y in M. We want to compute the minimum 
Z,,,,,(y) of the m,-length of all curves homotopic to y. By standard arguments, this 
minimum is realized by a closed m,,-geodesic y* homotopic to y. Note that y* is 
also a m,-geodesic and that, since the curvature of m, is negative, this geodesic is 
unique. To compute the length I,,,“(y) of y*, identify the homotopy class of y to an 
element it represents in rr,(M) and let q* be the geodesic of A% that lifts y* and 
is invariant under the action of y E rr,( M). Then, for any x E r*, the length I,,,,(y) 
is equal to the distance m,(x, yx), namely to the L,-mass of the subset of G,(k) 
consisting of those geodesics which separate x from yx. 
From this, we can give another description of this length f,,,(y). Let G2(Y*) c 
G2($) consist of those geodesics which transversely cross r*. Such geodesics are 
parametrized by their intersection points with r* and by the angle they form with 
q* at this intersection point (for the Riemannian metric mJ. It follows that the 
cyclic subgroup (y) of r,(M) generated by y acts properly discontinuously on 
G2( r*), and that we can consider the quotient G,(r*)/( y). This quotient is topologi- 
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tally the disjoint union of two open annuli. Since L, is invariant under y E r,(M), 
it induces a measure on G,(y*)/(y). It immediately follows from the definitions 
that I,,,(y) is equal to the total mass of this quotient G2( ‘y*)/( y) for the measure L, . 
Now, consider the metric m, . The curve y is homotopic to a closed m,-geodesic 
-yT, whose m, -length realizes the minimum m, -length I,,,,(y) of all curves homotopic 
to y. Let 77 be the geodesic of 6 that lifts 7: and is invariant under the action of 
YE r,(M), and let G,(rT)c G,(c) consist of those geodesics which transversely 
cross 7:. As in the case of m,, the length f,,(y) is equal to the total mass of the 
measure induced by L, on the quotient G,(yT)/(y). 
By consideration of the homotopy between y* and y:, the m,-geodesic q* and 
the m,-geodesic 7:: stay at bounded distance from each other. It follows that the 
correspondence between G,(G) and G,( A?) sends G,( ?f) to G2( j*). In particular, 
there is an identification between G,(y?)/(y) and GJY*)/(y) which respects the 
measure induced by L, on these two spaces. 
It follows from the above considerations that I,,“(y) = Z,,(y) for every closed curve 
y in M. This proves that the two metrics m,, and m, have the same marked length 
spectrum. 
This completes the proof of Theorem 1. 
We now prove Theorem 2. 
If m,, was isometric to ml by an isometry isotopic to the identity, then m, and 
m, would have the same marked length spectrum, contradicting Theorem 0 (and 
very earlier versions of this result for the case of constant curvature) and the 
hypothesis that m, and mz are not isotopic. Therefore, m, is not isometric to m, by 
an isometry isotopic to the identity, 
If m, was isometric to m, by an isometry isotopic to the identity, this isometry 
would provide a homeomorphism cp of M which is isotopic to the identity and 
which sends each geodesic of m, to a geodesic of ml. Lift cp to a homeomorphism 1 I . 
4 : M + M of the universal covering M. Since m, and m, have constant curvature 
-1, there are diffeomorphisms $, :W’ + k and &: HI’-+ fi sending the metric of 
the hyperbolic plane W* to m, and m2, respectively. Then, $ = I/J;’ 0 (p 0 $, is a 
homeomorphism of W* which sends geodesic to geodesic. By the following lemma, 
I/J is an isometry. Therefore, cp is an isometry between m, and m2 and is isotopic 
to the identity, contradicting the hypotheses of Theorem 2. 
This completes the proof of Theorem 2, modulo the following elementary lemma, 
which is essentially a variation of the Fundamental Theorem of Projective Geometry 
(see for instance [15]). We give a proof for completeness. 
Lemma. Let I,!I be a bijection of the hyperbolic plane W” sending geodesic to geodesic. 
Then, * is an isometry. 
Proof. This proof is inspired by [4, Q 13.11. Let us take the Klein (or projective) 
model for W2. In this model, W2 is identified to the interior of the unit disc in the 
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euclidean plane, the geodesics of W2 are the intersections of euclidean straight lines 
with this disc, and the hyperbolic distance between x and y E W2 is given by 
dh(X, Y) = log 
&(a, YMX, b) 
de(a, x)de(b, Y) 
where de denotes the euclidean distance and where a and b are the two points of 
the boundary WL of the disc such that a, x, y and b lie on a euclidean line in this 
order. The reader will recognize the cross ratio of a, x, y and b in the term contained 
in the logarithm. 
The idea of the proof is to reconstruct the hyperbolic metric d,, from the geodesics 
of W*. For this, consider the following geometric construction. Let (Y, p, 6 lie in this 
order on a euclidean line of the euclidean plane. Arbitrarily choose points p and q 
so that p, q and 6 lie in this order on a distinct euclidean line. Then, the line 
segments p/3 and aq meet in a point r, and the line segments t-6 and qp meet in a 
point s. Let y be the intersection point of the line ps with the line segment OS. Note 
that this construction is invariant under affine transform of the euclidean plane, 
and more generally under projective transform of the projective plane. For any 
other choice p’ and q’ for p and q, there is a projective transform which fixes the 
line containing (Y, p, 6 and which sends p’ to p and q’ to q. It follows that the point 
y depends only on u, p and 6, and not on the choice of p and q. In addition, 
sending 6 to infinity by a projective transform and then choosing p and q to form 
a euclidean square with (Y and /3, it follows from the invariance of the cross ratio 
under projective transform that, in all cases, 
de(a, r)d,(P, S)d,(a, P)-‘de(y, 6))’ = 2. 
Let x E W2 be on the geodesic with end points a, b E Wk. Applying the above 
construction with (Y = a, p = x and 6 = b, we get the point y, = y between x and b 
such that d,,(x, yO) = log 2. Similarly, if y is on the same geodesic between x and b, 
the same construction applied to cy = b, p = y and 6 = x provides a point y’ between 
x and y such that dh(x, y’) = log( 1 +e ‘)I(~,~)) -log 2. Iterating this transformation 
y ++ y’ starting from yO, we therefore have, for every integer n 20, a construction 
which uses only intersection properties of geodesics of W2 and which constructs the 
point y, between x and b with dh(x, y,) = log(l+2-“). 
We are now ready to prove that rC, is an isometry. Let x, y E W2. Fix an integer n. 
Consider the finite monotonic sequence of distinct points x = x0, x, , . . . , x,_, , xp of 
the geodesic g containing x and y, such that dh(xi, xi+,) = log(l+2-“) for every i, 
and such that either y is between xP_, and xP or y = x,,. In particular, 
We saw that each xi+, is obtained from g and x, by a geometric construction involving 
only intersection properties of geodesics. Since $ sends geodesic to geodesic, it 
follows that $(xi+,) is obtained by the same geometric construction applied to $(g) 
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and +(xi), and therefore that C&,($(X,), I,!J(x,+,)) = log(l+2-“). Therefore, consider- 
ing the sequence 
(cl(x) = CL(%), ccl(x,), . . ., 9(XPP,)> 44x,), 
we conclude that the number d,,( +(x), (cr( y)) is such that 
(p-l)log(l+2-“)<d,(~(x),~(y))~plog(l+2~”). 
As a consequence, the difference between d,,( +(x), I,!J( y)) and L&(X, y) is bounded 
in absolutely value by log(1 + 2-“). Since the property holds for every n, it follows 
that 
4,(44x), G(Y)) = 4,(x, Y>. 
This concludes the proof that I+!J is an isometry. 0 
We conclude with a few remarks. 
First, observe that the “mating operation” defined by Theorem 1 is well behaved 
with respect to isotopy. Namely, the isotopy class of the “mixed blood” metric m, 
depends only on the isotopy classes of m, and m,. 
Also, we should mention that our requirement that m, and m, have negative 
curvature can be somewhat relaxed by using the techniques of [7,8]. 
Finally, it seems quite reasonable to conjecture that Theorem 2 holds without the 
assumption that m, and m2 have constant curvature. Namely, if a homeomorphism 
of a closed surface sends geodesics of a negatively curved Riemannian metric to 
geodesics of another such metric and if the two metrics are normalized so as to 
have, say, the same area, this homeomorphism should be an isometry from the 
first metric to the second one. This property is proved for difleomorphisms by 
[12, Theo&me 31. 
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